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ABSTRACT

We prove that a normalized holomorphic motion of a closed set E is
induced by a holomorphic map into the Teichmiiller space of E, denoted
by T(E), if and only if it can be extended to a normalized continuous
motion of the Riemann sphere. We also prove that the extension can be
chosen to have additional properties.

1. Basic definitions and the main theorem

Definition 1.1: Let V be a connected complex manifold with a basepoint xg
and let E be a subset of the Riemann sphere C. A holomorphic motion of
F over Visamap ¢: V x E — C that has the following three properties:

(a) ¢(xg,z) =z for all zin E,

(b) the map ¢(zx,-): E — Cis injective for each z in V, and

(¢) the map ¢(-,2): V — C is holomorphic for each z in E.

We will sometimes write ¢(z, z) as ¢,(z) for z in V and z in E.

We say that V is the parameter space of the holomorphic motion ¢.

We will always assume that ¢ is a normalized holomorphic motion; i.e. 0, 1,
and oo belong to E and are fixed points of the map ¢,(-) for every z in V.
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Definition 1.2: Let V and W be connected complex manifolds with basepoints,
and f be a basepoint preserving holomorphic map of W into V. If ¢ is a
holomorphic motion of E over V its pullback by f is the holomorphic motion

(1'1) f*(¢)(x’z) = qﬁ(f(x),z) V(I,Z) eWXE
of E over W.

Throughout this paper we will assume that F is a closed subset of C and that
0,1, oo € E. Associated to each such set F in ((Af, there is a contractible com-
plex Banach manifold which we call the Teichmiiller space of the closed set F,
denoted by T'(E). This was first studied by G. Lieb in his doctoral dissertation
[14] (see A. Epstein’s dissertation [11] for a generalization). Furthermore, we
can define a holomorphic motion

Up: T(E)x E—C

of the closed set E over the parameter space T(E). The precise definitions of
T(F) and Vg and some of their properties are given in Sections 2 and 3.

In [15] it was shown that T'(E) is a universal parameter space for holomorphic
motions of the closed set F over a simply connected complex Banach manifold.
The space T(E) and its various properties have been the subject of several
papers in recent years; see [8], [9], [10], [15], and [16].

Definition 1.3: Let V be a path-connected Hausdorff space with a basepoint
Tg. A normalized continuous motion of C over V is a continuous map
¢:V x C — C such that:
(i) ¢(zo,z) = z for all z in C, and
(ii) for each x in V, the map ¢(z,-) is a homeomorphism of C onto itself that
fixes the points 0, 1, and oco.

As in Definition 1.1, we will sometimes write ¢(z,-) as ¢,(-), and we will
always assume that the continuous motion ¢ is normalized.

An important topic in the study of holomorphic motions, is the question of
extensions. If F is a proper subset of E and ¢: VX E — @, qzz VxE—C
are two maps, we say that q~5 extends ¢ if QZ(ac,z) = ¢(x,z) for all (z,z) in
VXE If¢p: VXE — Cisa holomorphic motion, a natural question is whether
there exists a holomorphic motion Q~5: V x C — C that extends ¢. For V.=A
(the open unit disk), important results were obtained in [3] and in [21]. A
complete affirmative answer was given in Slodkowski ([19]), where it was shown
that any holomorphic motion of E over A can be extended to the whole sphere.
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Slodkowski’s theorem cannot be generalised to higher dimensional parameter
spaces. This was shown by Hubbard with a two-dimensional Teichmiiller space
as a parameter space (see [5]). See also [7] and Appendix 2 in [10] for other
interesting examples. The extension theorem of Bers and Royden in [3] was
generalised in [5], [15], and [20].

In this paper we study the extension of holomorphic motions to continuous
motions of C.

THEOREM: Let ¢: V X E — C be a holomorphic motion where V is a con-
nected complex Banach manifold with a basepoint xo. Then the following are
equivalent:
(i) There is a continuous motion ¢: V x C — C that extends ¢.
(ii) There exists a basepoint preserving holomorphic map F: V — T(E) such
that F*(Ug) = ¢.

COROLLARY: If the holomorphic motion ¢ can be extended to a continuous
motion Q~5, then q~5 can be chosen so that:
(i) the map QA;I: C—Cis quasiconformal for each x in V,
(ii) its Beltrami coefficient y, is a continuous function of z, and
(iil) for each x, the L*° norm of u, is bounded above by a number less than
1, that depends only on the Kobayashi distance from x to xg, not on ¢.

Remark 1.4: The continuous motions q~5 with properties (i) and (ii) are precisely
the (normalized) quasiconformal motions of C defined by Sullivan and Thurston
in ([21]) as we show in a forthcoming paper ([17]), where we also report some
other properties of quasiconformal motions.

Remark 1.5: It was already known that if the complex manifold V is simply
connected, then every holomorphic motion ¢ of E over V can be extended to a
continuous motion ¢: V x C — C. (See Theorem C in [15].)

Remark 1.6: Chirka introduces continuous motions in his study of extensions
of holomorphic motions; see [4].
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2. The Teichmiiller space of F

2.1. DEFINITION. Recall that a homeomorphism of C is called normalized
if it fixes the points 0, 1, and co.

The normalized quasiconformal self-mappings f and g of C are said to be
E-equivalent if and only if f~! o ¢ is isotopic to the identity rel E. The
Teichmiiller space T(E) is the set of all E-equivalence classes of normalized
quasiconformal self-mappings of C.

The basepoint of T'(E) is the E-equivalence class of the identity map.

2.2. T(E) 1s A COMPLEX BANACH MANIFOLD. Let M(C) be the open unit
ball of the complex Banach space L*°(C). Each p in M(C) is the Beltrami
coeflicient of a unique normalized quasiconformal homeomorphism w* of C onto
itself. The basepoint of M (C) is the zero function.

We define the quotient map

Pg: M(C) — T(E)

by setting Pgr(u) equal to the E-equivalence class of w#, written as [wH]g.
Clearly, Pr maps the basepoint of M (C) to the basepoint of T'(E).

In his doctoral dissertation ([14]), G. Lieb proved that T'(F) is a complex
Banach manifold such that the projection map Pg from M(C) to T(FE) is a
holomorphic split submersion. (This result is also proved in [10].)

2.3. THE TEICHMULLER METRIC ON T'(E) The Teichmiiller distance dps (1, v/)
between p and v on M(C) is defined by

d U=t h—lHMH )
(s v) a 1—pavlieo

The Teichmiiller metric on T'(F) is the quotient metric
dr(g)(s,t) = inf{dpy (p,v) : pand v € M(C), Pg(p) = s and Pgr(v) =t}

for all s and ¢ in T(E). The Teichmiller metric on T(E) is the same as its
Kobayashi metric (see Proposition 7.30 in [10]).

2.4. CHANGING THE BASEPOINT. Let w be a normalized quasiconformal
self-mapping of (E, and let £ = w(FE). By definition, the allowable map g
from T(E) to T(E) maps the E-equivalence class of f (written as [f]z) to the
E-equivalence class of f ow (written as [f o w]g) for every normalized quasi-
conformal self-mapping f of C.
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~

PROPOSITION 2.1: The allowable map g: T(E) — T(E) is biholomorphic. If u
is the Beltrami coefficient of w, then g maps the basepoint of T (E) to the point
Pr(p) in T(E).

See Proposition 7.20 in [10] or Proposition 6.7 in [15]. The map ¢ is also called
the geometric isomorphism induced by the quasiconformal map w. (These are
not the only biholomorphic maps between the spaces T'(E). The others are
described in [9].)

2.5. CONTRACTIBILITY OF T(E). The following fact will be crucial in this
paper.

PROPOSITION 2.2: There is a continuous basepoint preserving map s from T'(E)
to M (C) such that Pg o s is the identity map on T(E).

For a complete proof we refer the reader to Proposition 7.22 in [10] (or Propo-
sition 6.3 in [15]).
Since M (C) is contractible, we conclude:

COROLLARY 2.3: The space T'(E) is contractible.

Remark 2.4: Here is an outline for the construction of s(t) for ¢t in T(E).
Choose an extremal p in M (C) such that Pg(p) =t. We set s(t) = pin E. Let
Q be a connected component of C\ E. On €, s(t) is defined as follows. Choose
a holomorphic universal cover m: A — € (where A is the open unit disk). Lift
wto A and let = 7*(p) (the lift of p). If 7(¢) = z we have

(<)
()
Let w: A — A be a quasiconformal map whose Beltrami coefficient is ji, and

let h: 0A — OA be the boundary homeomorphism. Let w: A — A be the
barycentric extension of h and v be the Beltrami coefficient of w. Then, v is

p(¢) = pu(z)

the lift of a uniquely determined L° function v on . We set s(t) = v in Q.
Then [[illec = [l#|€loc < & := [[ullos; so,

[8(&)1Q20lo0 = [[¥lec < (k)

by Proposition 7 in [6], where ¢(k) depends only on k and 0 < ¢(k) < 1. Since §2
is any connected component of C\ E, we conclude that ||s(t)||ec < max(k, c(k)).
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3. Universal holomorphic motion of F

3.1. DEFINITION. The universal holomorphic motion ¥z of FE over T'(E)
is defined as follows:

Ug(Pg(p),z) =wH(z) for pe M(C)and z € E.

The definition of Pgr in §2.1 guarantees that Vg is well-defined. It is a holo-

morphic motion since Pg is a holomorphic split submersion and g — w*(z) is
a holomorphic map from M(C) to C for every fixed z in C (by Theorem 11 in
[1]). This holomorphic motion is “universal” in the following sense:
THEOREM 3.1: Let ¢: V X E — C be a holomorphic motion. If V is simply
connected, then there exists a unique basepoint preserving holomorphic map
f:V — T(E) such that f*(¥g) = ¢.

For a proof see Section 14 in [15].

3.2. AN EXTENSION OF Ug. Let s: T(E) — M(C) be the continuous base-
point preserving section of the quotient map Pg described in Remark 2.4.

PROPOSITION 3.2: (i) The map Vp: T(E) x C — C defined by the formula
Up(t,z) =wB(z), (t2)eT(E)xC,
is a continuous motion that extends the universal holomorphic motion
Up: T(E) x E — C.

(ii) For t in T(E), ||s(t)|lsc is bounded above by a number between 0 and 1,
that depends only on dp(g)(0,1t).

Proof: (i) Properties (i) and (ii) of Definition 1.3 are obviously satisfied by the
map Wg. The continuity of ¥z follows from Lemma 17 of [1], which says that
whn — wt uniformly in the spherical metric if p, — p in M(C). Therefore,
Up: T(E) x C — C is a normalized continuous motion.

Finally, we have

Up(t,z) = Ug(Pp(s(t), z) = wP(2) = Ug(t, 2)
for all (t,z) € T(E) x E. Therefore, U extends Ug.

(ii) Given t in T'(E), choose an extremal p in M (C) so that Pg(x) = t. Then
1+k
1-k
By Remark 2.4, ||s(t)||co < max(c(k), k). |

1
dre)(0,t) = §logK where K = and k = ||| co-



Vol. 159, 2007 EXTENSIONS OF HOLOMORPHIC MOTIONS 283

4. Two lemmas

The first lemma was proved in [15], where it is Lemma 12.1. Let B be a path-
connected topological space and H(@) be the group of homeomorphisms of @
onto itself, with the topology of uniform convergence in the spherical metric.
This topology makes H(((Af) a topological group (see [2]). The symbol E has its

usual meaning.

~

LEMMA 4.1: Let h: B — H(C) be a continuous map such that h(t)(e) = e for
all t in B and for all e in E. If h(ty) is isotopic to the identity rel E for some
fixed to in B, then h(t) is isotopic to the identity rel E for all t in B.

LEMMA 4.2: Let s: T(E) — M(C) satisfy the conditions of Proposition 2.2,
and let ¢¥: C — C be any homeomorphism. There is at most one point t in
T(E) such that v is isotopic to w*®) rel E.

Proof: If w*® and w*®) are both isotopic to 1 rel E, then they are
E-equivalent, so t = Pg(s(t)) = Pr(s(t")) =t'. |

5. Proof of the main theorem

Let ¢: V x E — C be the given holomorphic motion, and let s: T(E) — M(C)
satisfy the conditions of Proposition 2.2.

PART 1: (i) implies (i): Define F: V — M(C) by F = so F. Then
F:V—>M (C) is a basepoint preserving continuous map. Define 5: VxC—C
by

ox.2) = w"0(2)

for all z in V and for all z in C. Clearly, a(aco,z) = z for all z in C. The
continuity of 5 is similar to the continuity of U g in the proof of Proposition
3.2(i). So, ¢: V x C — C is a continuous motion.

Finally, for all z in E, we have ¢(x,z) = F*(Ug)(z,2) = Vg(F(zx),2) =
U (Pp(s(F(x))),2) = wF®)(z) = wﬁ(z)(z) = ¢(z, 2). Hence ¢ extends o.
PART 2: (i) implies (ii): Let ¢: V x C — C be a continuous motion that
extends ¢. Let S be the set of points x in V' with the following property: there
exists a neighborhood N of z and a holomorphic map h: N — T(E) such that
ws (@) ig isotopic to 251,, rel E for all ' in N. We claim that S = V.

It is clear that S is an open set. To see that it contains the basepoint xg
of V', choose a simply connected neighborhood N of zg in V, and give N the
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basepoint xy. By Theorem 3.1, there exists a basepoint preserving holomorphic
map h: N — T(E) such that h*(Vg) = ¢ on N x E. Define

H(z) = (@) o g,

for each « in N. Clearly, H(xz¢) is the identity. Also, for all  in N, and for all
zin E,

Hence, for all z in E, H(z)(z) = z. Since H(x) is continuous in z, it follows
from Lemma 4.1 that H(z) is isotopic to the identity rel E. Hence, for each x
in N, ws(=) is isotopic to 51 rel E. This shows that zy belongs to S.

Now we shall prove that S is closed. Let y belong to the closure of S, choose
a simply connected neighborhood B of y, and give B a basepoint p in S. Let

E = ¢y(E) = {(p,2) : z € E}

and consider

~

¢(x, ¢p(2)) = ¢(x,2) V(z,2z) € BXE.

This is a holomorphic motion of E over B with basepoint p. By Theorem 3.1,
there exists a basepoint preserving holomorphic map f: B — T(E) such that
[*(¥g) = ponBxE (where Wz: T(E) x E — C is the universal holomorphic
motion of E) This means

~

(5.1) Ve (f(@), ¢p(2)) = o(x, op(2))

for all z in B and for all z in F.

Since p € S, there is a point ¢ in T(FE) such that qu is isotopic to w*®) rel E.
Thus, w*® maps E onto EA?; so it induces a biholomorphic map g: T(E) —T(E)
as in §2.4. Define h: B — T(E) by h= go f. We are going to prove that w*(h(@)
is isotopic to 51 rel F for all x in B.

Note that f maps p to the basepoint of T(E) and by Proposition 2.1, g
maps f(p) to the point Pg(s(t)) in T(E). Therefore, h(p) = Pp(s(t)) and since
h(p) = Pu(s(h(p))), we have Pg(s(t)) = Pg(s(h(p))). That means, w*® is
isotopic to w P @) rel FE; so &Fp is isotopic to w P ®) rel B.

Let

(5.2) H(z) = (™))" o g,

for all  in B. By the above discussion, H (p) is isotopic to the identity rel E.
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We have the standard projection map

Py M(C) — T(E),
and 8 T(E) — M(C) is a continuous basepoint preserving map such that
Pg 05 is the identity map on T(E) Since ¢, is isotopic to w*® rel E, and
¢p(2) = ¢p(z) for all z in E, it follows that

(5.3) bp(2) = w'®(z2)

for all z in E. Furthermore, for all z € B, and z € E, we have:

02(2) = 00 (2) = 0u(dp(2)) = U5 (f (), bp(2))

by Equation 5.1. And U5 (f(2), ¢p(2)) = v @) (¢,(2)) = @) (ws®(2))
by Equation 5.3. We conclude

(5.4) b2(2) = W) (1B (2))

for all x in B, and for all z in F.
For all = in B, we have h(z) = g(f(z)). Also, f(z) = Pa(3(f(z)) =
[wg(f(m))]é and by §2.4,

g [T @) 2 s [T 65O .

Therefore,
h(z) = [w @) o ws®] g,

We also have iAz(z) = PE(s(iAz(:r))) = [ws(ﬁ(z))]E for all  in B. Hence, for all
in B, and for all z in F, we have

(5.5) WP @) (150 (2)) = 3B @) ().,

Therefore, by Equations 5.4 and 5.5, we get gx(z) = ws(ﬁ(“’))(z) for all x in
B and for all z in E. Hence, by Equation 5.2, ﬁ(x)(z) = z for all z in B, and
for all z in E. Since H is continuous in x, it follows from Lemma 4.1 that ﬁ(x)
is isotopic to the identity rel E for all x in B. Therefore w* (@) g isotopic to
qzw rel E for all x in B. Hence B is contained in S. In particular, y € S, so S is
closed. As S is also open and nonempty, S = V.

We now define a holomorphic map F: V — T(E) as follows. Given any x in V|
choose a neighborhood N of z and a holomorphic map h: N — T'(FE) such that
w* (=) g isotopic to 51/ rel FE for all ' in N. Set FF = h in N. Lemma 4.2
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implies that F' is well-defined on all of V. It is obviously holomorphic, and
w*F @) is isotopic to ¢, rel E for all z in V.

Finally, for all  in V', and for all z in E, we have
F*(Vp)(z,2) = Vp(F(z), 2) = Vp(Pp(s(F(x))), z) = w7 (2)

and ¢(z, 2) = ¢z, 2) = dg(z) = wFE@(2) (since w*F @) is isotopic to ¢y rel
E for all x in V). Therefore F*(Vg)(x,z) = ¢(x, z) for all z in V and for all z
in E. This completes the proof.

Remark 5.1: If F and G are two basepoint preserving holomorphic maps from
V into T(E) such that F*(¥ ) = G*(¥ ) = ¢, then it follows from Lemma 12.2
in [15] that F = G. Thus, if a basepoint preserving holomorphic map
F:V — T(FE) such that F*(¥g) = ¢ exists, then it is unique.

6. Proof of the corollary

If ¢ can be extended to a continuous motion of (E, then by our main theo-
rem there is a basepoint preserving holomorphic map F: V — T(F) such that
F(¥g) = ¢.

Using the continuous map s: T(E) — M (C) described in Remark 2.4, define
the continuous motion qzz V x C — C as in Part 1 of the proof of the main
theorem. We showed there that 5 extends ¢, and it clearly satisfies conditions
(i) and (ii) of the Corollary.

For (iii), let = be in V' (x # xg), and let F: V — T(E) be the holomorphic
map above. Since the Teichmiiller metric on T'(E) is the same as its Kobayashi
metric (see §2.3), we have dp(g)(0,t) < py (2o, ) where F'(z) = ¢ and 0 denotes
the basepoint in T'(E). Choose an extremal x4 in M (C) such that Pg(u) = F(z).
This means that dpg)(0, Pe(i)) = dar(0ar, 1) where 0y denotes the basepoint
in M(C). We have

Lo 1+ [l
iy (F(ao), F(a)) = 2 log T le < o )
2 71— [plloo
which gives
exp(2py (xo,x)) — 1
[[lloe < @ovizo ) =1

exp(2py (z0,2)) + 1

Since ¢(z,z) = uzﬁ(l)(z), where F = so F, it follows from Part (i) of Propo-
sition 3.2, that ||w®(®)|| is bounded above by a number between 0 and 1, that

depends only on py (zg, x).



Vol. 159, 2007 EXTENSIONS OF HOLOMORPHIC MOTIONS 287

7. An example

Remark 7.1: If ¢: V X E — Cis a holomorphic motion where V is a simply
connected complex Banach manifold, it follows from Theorem 3.1, and the main
theorem of this paper, that there always exists a normalized continuous motion
5: V x C — C that extends ¢. Furthermore, 5 has the properties (i), (ii) and
(iii) of the Corollary.

As already pointed out in Chirka ([4]), there are simple examples of holomor-
phic motions that cannot be extended to continuous motions of C.Iam grateful
to Clifford Earle for the following explicit example.

Let A* := {z € C: 0 < |z| < 1} and choose some basepoint ¢ in A*. Let
E:={0,1,a,00}.

PROPOSITION 7.2: Set ¢(t, z) = z for all (t,z) in A* x {0,1,00} and ¢(t,a) =t

for all t in A*. Then ¢ is a holomorphic motion of E over A* that cannot be
extended to a continuous motion of C over A*.

Proof: We follow Chirka’s argument. Suppose qz is such an extension. For each
¢ in C\ {0}, let v¢: [0,27] — C\ {0} be the closed curve

% (6) = d(ae”,¢)

for 0 in [0, 27].

Since 5 is a continuous motion, the winding number of v, about zero is a
continuous function of (. But that winding number is zero when ( = 1 and one
when ( = a. |
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